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Abstract. Let M = IP be a D-dimensional lattice, and let (A,+) be an abelian group. 
A M is then a compact abelian group under componentwise addition. A continuous function 
$ : _4 M — >_4 M is called a linear cellular automaton (LCA) if there is a finite subset F C M 
and nonzero coefficients tpf G Z so that, for any a G A M , $(a) = ^ feF iff ■ & f (a). 

Suppose fj, is a probability measure on A M whose support is a subshift of finite type or 
sofic shift. We provide sufficient conditions (on $ and fi) under which $ asymptotically 
randomizes /i, meaning that wk*— lim & 1 fj, = r/, where rj is the Haar measure on A M , 

and JcN has Cesaro density 1. In the case when $ = 1 + a and A — (Z/ p ) s (p prime), we 
provide a condition on /i that is both necessary and sufficient. We then use this to construct 
zero-entropy measures which are randomized by 1 + a . 

MSC: Primary: 37B15; Secondary: 37A50 

Let D > 1, and let M := Z D be the Z?-dimensional lattice. If A is a (discretely 
topologised) finite set, then „4 M is compact in the Tychonoff topology. For any v G M, 
let cr v : „4 M — >A M be the shift map: cr v (a) := [6 m | meM ], where b m := a m _ v , Vm G M. 
A cellular automaton (CA) is a continuous map <!> : A M — >A M which commutes with all 
shifts: for any m G M, cr m o $ = $ o er m . Let r/ be the uniform Bernoulli measure on 
*4 M . If ji is another probability measure on _A M , we say $ asymptotically randomizes /j, if 
wk*— lim = i], where JJ C N has Cesaro density one. 

If (^4, +) is a finite abelian group, then _A M is a product group, and rj is the Haar measure. 
A linear cellular automaton (LCA) is a CA $ with a finite subset F C M (with # (F) > 2), 
and nonzero coefficients (ff G Z (for all f € F) so that, for any a G -4 M , 

$(a) = ^>fV(a). (1) 

fSF 

f This research was partially supported by NSERC Canada, and was also supported by the kind hospitality 
of the Universidad de Chile during July 2003. 
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Linear cellular automata are known to asymptotically randomize a wide variety of measures 
|MM98L IMM99L [MHM03 , Lin84, FMM NQO| . including those satisfying a correlation- 
decay condition called harmonic mixing [PY021 IPY041 IMMPY06) . However, all known 
sufficient conditions for asymptotic randomization (and for harmonic mixing, in particular) 
require p to have full support, i.e. supp (p) = ^4 M . 

We here investigate asymptotic randomization when supp(^) C „4 M . In particular we 
consider the case when supp(/x) is a sofic shift or subshift of finite type. In ^ we let 
A = Z/p (p prime), and demonstrate asymptotic randomization for any Markov random 
field that is locally free, a much weaker assumption than full support. However, in <J21we 
show that harmonic mixing is a rather restrictive condition, by exhibiting a measure whose 
support is a mixing sofic shift but which is not harmonically mixing. 

Thus, in we introduce the less restrictive concept of dispersion mixing (for measures) 
and the dual concept of dispersion (for LCA), and state our main result: any dispersive 
LCA asymptotically randomizes any dispersion mixing measure. In 21 we let A = {Z/ P ) s 
(jp prime, s G N) and introduce bipartite LCA, a broad class exemplified by the automaton 
1 + a. We then show that any bipartite LCA is dispersive. 

In <J3 we show that any uniformly mixing and harmonically bounded measure is dispersion 
mixing. In particular, in we show this implies that any mixing Markov measure 
(supported on a subshift of finite type), and any continuous factor of a mixing Markov 
measure (supported on a sofic shift) is dispersion mixing, and thus, is asymptotically 
randomized by any dispersive LCA (e.g. 1 + a). Thus, the example of &\is asymptotically 
randomized, even though it is not harmonically mixing. 

In 33 we refine the results of by introducing Lucas mixing, (a weaker condition 

than dispersion mixing). When A = (Z/ p ) s , we show that a measure is asymptotically 
randomized by the automaton 1 + a if and only if it is Lucas mixing. Finally, in fJHl we 
use Lucas mixing to construct a class of zero- entropy measures which are asymptotically 
randomized by randomized by 1 + a, thereby refuting the conjecture that positive entropy 
is necessary for asymptotic randomization. 

Preliminaries & Notation: Throughout, (A, +) is an abelian group (usually A = 
(Z/ p ) s , where p is prime and s £ N). Elements of A M are denoted by boldfaced letters 
(e.g. a, b, c), and subsets by gothic letters (e.g. 21, 05, £). Elements of M are sans serif 
(e.g. I, m, n) and subsets are U, V, W. 

If U C M and a £ ^4 M then ay := [a u | ue u] i s the 'restriction' of a to an element of 
_4 U . For any b £ A v , let [b] := {c £ _4 M ; cu = b} be the corresponding cylinder set. In 
particular, if a 6 ^4 M , then [ajj] := {c £ A M ; cy = ay}. 

Measures: Let M(A M ) be the set of Borel probability measures on _4 M . If p, £ M{A M ) 
and I C M, then let pi £ M(A l ) be the marginal projection of p onto A . If J C M and 
b £ A 1 , then let p^ £ A4(A M ) be the conditional probability measure in the cylinder set 
[b] . In other words, for any XcA M , p [h) [X] := p (X H [b] ) /p [b] . In particular, if I C M 
is finite, then /i| b - ) £ M(A M ) is the conditional probability measure on the I coordinates: 
for any c £ A 1 , p[ h) [c} := p ([c] H [b]) /p [b]. 
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Subshifts: A subshift |Kit981 ILM95j is a a closed, shift-invariant subset X C A M . If 
U C M, then let X v := {xu ; x G X} be all admissible V-blocks in X. If U C M is finite, 
and 233 = {wi, . . . , w^v} C A v is a collection of admissible blocks, then the induced subshift 
of finite type (SFT) is the largest subshift X C A M such that Xu = 2U. In other words, 
X := flmeM^" 1 M. where [2D] : = {a G .4 M ; au G 2U} . A sofic sfi/ft is the image of an 
SFT under a block map. 

In particular, if M = Z and U = {0, 1}, then X is called topological Markov shift, and the 
transition matrix of X is the matrix P = [p a b]a,beA, where p a b = 1 if [ab] 6 2U, and p a t = 
if [ab] £ 22J. 

Characters: Let T 1 C C be the circle group. A character of ^4 M is a continuous 
homomorphism x : A M — >T : ; the group of such characters is denoted ^4 M . For any x S -4 M 
there is a finite subset K C M, and nontrivial \k G -4 f° r a U kGK, such that, for any 
a G *4 M , x(a) = ^Qxk(«k)- We indicate this by writing: "x = 6?)xk"- The rank of x 

keK kGK 

is the cardinality of K. 

Cesaro Density: If £, n € Z, then let [£..n) := {to G Z ; I < to < ra}. If J C N, then the 

1 



Cesaro density of J is defined: density (J) := Jim — # (J n [0..JV) ) . If J, K C N, then 
their relative Cesaro density is defined: 

rel density J/K := hm „,V^ L rn " . 

L ' J w^oo #(ln [0...A)) 

In particular, density (J) = rel density [ 



1 . Harmonic Mixing of Markov Random Fields 

Let B C M be a finite subset, symmetric under multiplication by —1 (usually, B = 
{-1,0, For any U C M, we define 

cl(U) := {u + b; u G U and b G 1} and dV := cl (U) \ U. 

For example, if M = Z and B = {-1, 0, 1}, then d{0} = {±1}. 

Let p G M(A M ). Suppose UcM, and let V := <9U and W = M \ cl (U). If b G „4 V , then 
we say b isolates U from W if the conditional measure p^ is a product of p^ and py^ ■ 
That is, for any it C A v and 2U C „4 W , we have p^ (iln 2U) = p { y\ii) ■ fJ^\W). 

We say that /x is a Markov random field Bre99, KS80 with interaction rangeM (or write, 
"(jl is a B-MRF) if, for any U C M with V = <9U and W = M \ cl (U), any choice of b G -4 V 
isolates U from W. 

For example, if M = Z and B = { — 1, 0, 1}, then p is a B-MRF iff /i is a (one-step) Markov 
chain. If B = [-N...N], then p is a B-MRF iff p is an A-step Markov chain. 

Lemma 1.1. If p is a Markov random field, then supp(^) is a subshift of finite type. □ 

For example, if p is a Markov chain on A z , then supp (p) is a topological Markov shift. 

Let B C M, and let p G M(A M ) be B-MRF. Let S := B \ {0}. For any b G „4 S , let 
p^ G A4(A) be the conditional probability measure on the zeroth coordinate. We say that 
p is locally free if, for any b G .4 s , # (supp (Mo ) J — 2- 
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Example: If D = 1, then B = {-1,0,1}, § = {±1}, and \i is a Markov chain. Thus, 
supp(/x) is a topological Markov shift, with transition matrix P = \pab]a,beA- F° r an y 
a, b £ A, write a ~> & if = 1, and define the follower and predecessor sets 

J 7 (a) := {6ei; a^i} and 7> (&) := {a£A\a^b}. 

It is easy to show that the following are equivalent: 

1. /x is locally free. 

2. Every entry of P 2 is 2 or larger. 

3. For any a, 6 £ A, #(^(a) H ?>(&)) > 2. 

Recall that „4 is the dual group of A For any x £ ^ and j/ e .M(-A), let (x,f) : = 
x(°) ' ^{a}. It is easy to check: 

Lemma 1.2. Let p be prime and A = If /j, is a locally free MRF on A m , then there is 



(b) 



< c. □ 



some c < 1 swc/i i/iai, /or a/Z nontrivial x € .4, and any b S 

For any x G -4 M and p, £ M (.4 M ), define (x,/i) := / x( a ) d/i[a]. A measure p is 
called harmonically mixing if, for any e > 0, there is some R £ N such that, for any x € -4 M j 

^rank[x] > R) => (|<X,M>I < e) • 
The significance of this is the following |PY02I Theorem 12]: 

Theorem: Let A = Z/ P , where p is prime. Any LCA on A M asymptotically randomizes 
any harmonically mixing measure. □ 

Most MRFs with full support are harmonically mixing jPY04l Theorem 15]. We now 
extend this. 

Theorem 1.3. Let A — Z/ p , where p is prime. Any locally free MRF on A M is 
harmonically mixing. 

Proof. Let /ibea locally free B-MRF. A subset Ic Mis M-separated if (i - j) £ B for all 
i,j S I with i 7^ j. Let KcMbe finite, and let x '■= Xk be a character of „4 M . 

kGK 

Claim 1: Let K := # (K) = rank [x], and let B := max{|bi - b 2 | ; bi, b 2 e B}. There 
exists a M-separated subset IcK such that 

#00 = I > §5- (2) 



Proof. Let B := [O...B) D be a box of sidelength B. Cover K with disjoint translated copies 
of B, so that 

k c y (i + i) 

for some set I C K. Thus, |i — j| > B for any i, j <E I with i ^ j, so (i — j) ^ B. Also, 
B D , so each copy covers at most B D points in K. Thus, we require at least 
-jpj copies to cover all of K. In other words, / > -grr. O claim i 



#(») 
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Thus, x = XH-XK\i) where %i(a) := JJxi(ai), and Xk\i(») : = H Xk(ak). 

iei k6K\I 

Let J := (91) U (K \ I); fix b e A\ and let /ij b) e M(A J ) be the corresponding 
conditional probability measure. Since n is a Markov random field, and the I coordinates 
are 'isolated' from one another by J coordinates, it follows that is a product measure. 
In other words, for any a G A 1 , 



(b) 



[a] = rh (b) w- 



(3) 



iei 



Thus, the conditional expectation of xi is given: 



(b) 



£/4%]-(n*(°o) fry E fll^ (b) W-x;(«i)) 

ae.4 1 V iei / ae-4' Viei / 



II E^'w-xW = IL-/<i 

iei \a,eA I iei 



(b) 



where (*) is by equation ©. Thus, (x, M (b) ) = Xk\iO) • (xi, Mi b) ) = Xk\iO) 
J](xi, Mi (b) )- Thus, if / = #(!), then 



X, M 



(b) 



:H-n 



(b) 



l-c 1 



(4) 



iei 



where the last step follows from Lemma fOl But (x, t 1 ) = E] M[b] ' (x, M^ b /, so 



be.4 1 



(b) 



|<X,M>I < E M[b]-|(x, M 

be.4 1 ' be.4 1 

Here (*) is by equation (QJ and (f) is by equation @. 



< E^ b ]- c/ = c ' ^ 



n K/{B D )_ 



□ 



2. XTie Even Shift is Not Harmonically Mixing 

We will now construct a measure v, supported on a sofic shift, which is not harmonically 
mixing. Nonetheless, we'll show in iJH-SOOthat this measure is asymptotically randomized by 
many LCA. 

Let X C (Z/ 3 ) be the subshift of finite type defined by the transition matrix 



1 1 
1 1 
1 



, where, Vi, j G Z/ 



3' 



if j 
if j 



~> i is allowed 
i is not allowed 



Let $ : X 



(2, 



/2j 



be the factor map of radius which sends into and both 1 and 2 to 



1. Then & :— <I>(X) is Weiss's Even Sofic Shift: if s € 6, then there are an even number 
of l's between any two occurrences of in s. 

For any N 6 N, and i, j G Z/ 3 , let X{J := {x 6 X ; .To = i, xjy = j}, and let: 



JV 



s g 6 



N 

E 

ra=0 



s n is even > , and D 



N 



N 

s G G ; E] s n is odd 

n=0 
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Lemma 2.1. Vi, j G Z/ 3 , ei£/ier $ (3tf^) C £jv or $ (Xy) cDjv. In particular, 

$ (X^ U X^ 2 U X^ U X^ 2 U X^ ) = (Sat and $(lj v 1 Ul w 1 Ul^ Ul^ 2 ) = N . 

Proof. Let x G Xy, and s := $(x). Note that, if k < k* are any two values such that 



Xk = = a;?;* , then s„ is even. In particular, let k be the first element of [0...iV] where 

n—k 

k* 

Xk = 0, and let k* be the last element of [0..JV] where Xf.* = 0. Thus, s„ = (mod 2), 

n—k 

N k-1 N 

that s n = 2_. s n + J]] s n (mod 2). 

n— n— n— 

But since Xfc-i ^ ^ a^fe*+i by construction, the definition of X forces Xk-i = 2 and 

fe-i 



so 



^fc*+i = L Thus the parity of s„ depends only on the value of xq = i. Similarly the 

n=0 

N 

parity of s n depends only on a; at = j. 



□ 



n=k*+l 



Let /i € jM [1] be a mixing Markov measure on X, with transition matrix P and Perron 
measure p = (po, pi, p-i) G M [Z/3] . Let ^ := $p G .M [6], so that if it C 6 is measurable, 
then 2/[il] :=M . 

JV 

For all JV e N, define character xat by Xat(x) := JJ^-l) 1 " for all x G (Z/ 2 ) . Then 

n=Q 

Lemma 12.11 implies: 



{XN,v) = v(£ N ) - v(Q N ) 

— p ^ x o,0 u x 1.2 u x 2,l u x 0.2 u x l,0/ 



V x l,l u x 0,l u x 2,0 u x 2,2j 



But p is mixing, so lim p(X t A — Pi-pj- Thus, lim (xn,~> 
So for example if 

1/2 1/2 
1/2 1/2 
1 



Po + 2 PiP2 - Pi - p 2 - 



with Perron measure p = 
so that lim rank[xjy] = 



§,±,§), then Jim (xn,v) + 0. But clearly, rank[xAr] = N, 



00. Thus v is not harmonically mixing. 



3. Dispersion Mixing 

The example from S|2] suggests the need for an asymptotic randomization condition on 
measures that is less restrictive than harmonic mixing. In this section, we'll define the 
concepts of dispersion mixing (for measures) and dispersion (for automata) which together 
yield asymptotic randomization. In we'll show that many LCA are dispersive. In [JS] 
and we'll show that many measures (including the Even Shift measure v from |2J) are 
dispersion mixing. 
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Let $ be an LCA as in equation 0J. The advantage of this 'polynomial' notation is that 
composition of two LCA corresponds to multiplication of their respective polynomials. For 
example, suppose A — (Z/ p ) s , where p £ N is prime, and s £ N. Suppose M = Z and 
$ = 1 + a; that is, $(a)o = &o + &i (mod p). Then the Binomial Theorem implies: 



For any N £ N, ^ = ^ 



AT r 

\ \ / \ \ 

mod p. (5) 



N~ 


v , 




' N~ 




CO 


where 




n 


p 




n 


p 





n=0 

Let 5 > 0, and let K, J C M be subsets. We say that K and J are S-separated if 
min {|k - j| ; k £ K and j £ JJ} > 5 
If F, G C M, and $ = ■ er f and T = 7 g • cr s are two LCA, then we say $ and 

fGF gGG 

r are S-separated if F and G are S-separated. Likewise, if K, X C M, and x = (^) Xk 

keK 

and £ = (^) £ x are two characters, then we say x an d £ are S-separated if K and X are 

xeX 

S'-separated. 

If $ = yjf • cr f is an LCA, then let ranks (<&) be the maximum number of S'-separated 

fSF 

LCA which can be summed to yield <E>. That is: 



ranks ($) : = max |i? ; 3 $i, . . . , $^ mutually S-separated, with $ = $i 
For example, if 

$ = 1 + a 5 + o- 6 + o- 11 +cr 12 +ct 13 , 
then rank 4 ($) = 3, because $ = $i + $ 2 + $3, where 



13 



$1 = 1, $ 2 = er 5 + er 6 , and $3 = a 11 + a 12 + a 

On the other hand, clearly, ranki (<f>) = 6, while ranky ($) = 1. 

Likewise, if x = Xk is a character, and S > 0, then we define 

keK 

ranks (x) '■= max {-R i 3%i> • • • j Xfl mutually S-separated, with x = xi ® • • • <8> Xflj- 

(In the notation of 21 rar| k [x] = ranki (x)-) 

We say that p is dispersion mixing (DM) if, for every e > 0, there exist S, R > such that, 

for any character x £ A M , pranks (x) > R) =^ (\(x>t J '}\ < e ) • Note that dispersion 
mixing is less restrictive than harmonic mixing. 

If $ is an LCA and x is a character, then x is also a character. We say that i> is 
dispersive if, for any S > 0, and any character x G *4 M > there is a subset J C N of density 1 
such that lira ranks [X ® J ) = 00 ■ It follows: 

Theorem 3.1. Let A be any finite abelian group. If & : A M — >A M is a dispersive LCA 
and p £ A4(A M ) is dispersion mixing, then $ asymptotically randomizes p. □ 

Theorem 13. II is an immediate consequence of an easily verified lemma: 
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Lemma 3.2. $ asymptotically randomizes [i if and only if, for all x € -4 M , there is a subset 
JcN with density (J) = 1, such that lim (x ° & , fj) = 0. 



Proof. See the proof of Theorem 12 in |PY02| . 



□ 



4. Dispersion and Bipartite CA 

If m = (mi, 7712, ■ ■ ■ i m D) € M, then let |m| := \m\\ 



m 2 



\m D \ 



is a linear cellular automaton, then define diam [r] := max{|g — h| ; g, h £ 
The centre of T is the centroid of G (as a subset of K n ): 



centre (r) 



^S 1 



We say T is centred if jcentre (r)| < 1. For any prime p £ N, let 



1 4p - 7 

2' 4p + 4 



15 1 
Thus, K 2 = — , 7f 3 = ^5' and A 'p = 2' for ^- 5 - 



Let .4 := (Z/ P ) s (where p is prime and s £ N). If $ : „4 M — >.4 M is an LCA, then we say $ 
is bipartite if $ = 1 + F o er f , where F is centred and diam [r] < K p • |f|. For example: 

<I> = 1 + cr f is bipartite for any nonzero f £ M and any prime p £ N. 

<I> = 1 + cr 12 + cr 13 = l + (l + er)o <7 12 is bipartite for any prime p £ N. 

<f> = 1 + cr 14 + cr 19 = 1 + (cr~ 2 + cr 3 ) o cr 16 is bipartite for any prime p > 3. 

<f> = 1 + cr 2 + cr 3 = 1 + (1 + cr) o cr 2 is bipartite for any prime p > 5. 

Our goal in this section is to prove: 

Theorem 4.1. Let .4 = (Z/ p ) s , where p prime and s £ N. If $ is bipartite, then $ is 
dispersive. □ 



For any N £ N, let [iVW|g ] denote the p-ary expansion of iV, so that iV = AT ( *V- 
Let L (N) := {n € [0..JV] ; n' 1 ' < jVW,for all i £ N}. 



2 = 



Lemma 4.2. (Lucas's Theorem) 



(a) 



n 

i=0 



n(») 



, where we define 



n(<) 



i/n« >iV« and [°] p 



(b) 17ms, [^] ^ ^neL(iV). 



□ 



For example, suppose M = Z and $ = 1 + cr. If we interpret equation (JSJ in the light of 

"-/VI 

cr' 



Lemma f4. 21 we get: $ 



AT 



E 

neL(AT) 



Lemma 4.3. Let r, H £ N. 
(a) 7/ A7 < p r , and N = M + p r • 77, then L (TV) = L (M) + p r • L (77) (see 7%Mre[7p. 
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UM) 




pi 









L(N) 

Figure 1. Lemma IQ1 

(b) Ifm£h(M), h eh(H), and n = m + p r ■ h, then 

53 = 5 + 48 = 



"iV" 




~M~ 




~H~ 


n 


p 


m 


p 


h . 



□ 



2 4 • 3. Then M = 5, r = 4, 



For example, suppose p = 2 and AT 
and H = 3, and 

L(53) = L (5) + 2 4 • L (3) = {0,1,4,5} + 16 -{0,1, 2, 3} 

= {0,1, 4,5, 16,17, 20,21, 32,33, 37,38, 48,49, 52,53}. 



)Xk is a character, then define diam [x] '■= max{|k — j| ; k,j G K}. It follows: 



Lemma 4.4. Let $ fee an LCA, and let S > 0. 

(a) If x is a character, and So — S + diam f/ien ranks (x°^) > ran ks (<&)■ 

(b) IfT is an LCA, and So = S + diam [F], then ranks (To $) > rank So ($). 



□ 



COROLLARY 4.5. $ is dispersive if and only if for any Sq > 0, there is a subset J C N of 
density 1 such that lim ranks n ($"') = oo. □ 

To prove Theorem 14. II we'll use Lemma f4. 31 to verify the condition of Corollary 14. 51 For 
any Sq > 0, define 

J(So) := G N ; N = M N +p rN H N , for some H N ,r N > such that M N , S Q < p™^ 1 }. 

For example, if p = 2 and So = 7, then 53 G J(7), because 53 = 5 + 2 4 • 3, so that 
M 53 = 5, r 53 = 4, and H 53 = 3. Thus, 2 r ™~ 1 = 2 3 = 8, and 7 < 8 and 5 < 8. Note that 
53 = 2° + 2 2 + 2 4 + 2 5 ; thus, 53^ = 0. This is exactly why 53 G J(7): 

Lemma 4.6. J(S ) = {N g N ; N > p ■ S , and = for some r G (log p (5 Q ) .. .log p (iV)] }• 

Proof. Suppose N — Mn +p Tn Hn, for some H^.r^ > and > 0, such that 
Mat, S < p rN -\ Let r := r N - 1; then ATM = and log p (S* ) < r < \og p (N). 

Conversely, suppose = 0, where log p (So) < r < \og p (N). Let rjy := r + 1; then 



So < p r = p rN -\ Let M N := ^ N^p 1 ; then M N < p r = p™" 1 also. Now let 

i=0 

oo 

i?Ar := N^p 1 -™; then iV = M N +p rN H N . 



□ 
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Lemma 4.7. density (J(S )) = 1. 

Proof. Let I := [pSo . . . oo]. Then I is a set of density one, and Lemma T4 . 61 implies that 
I\J(5o) = {JVGI; ^0 for all re (log p (S ) . . . log p (iV)] }, 
which is a set of density zero. It follows that density (JJ(S'o)) = density (I) = 1. 



□ 



Lemma 4.8. If N e J(S ), and N = M +p r H, then <£ N = $ M o Q H , where 9 = 

Proof. Recall that $ = l + Locr f . Thus, 
"TV 



= V 

(L) 

= E 

(t) E 

h^h(H) 



*>•>) m £ £ 







"M" 


/ f\ ( m +P''' 1 ) 










p 


771 


P 



E 

P \mSL(M) 



M 

m 



$ M o I r o a 



v 

p r h 



o T o er 1 



hp' 



$ M o9 ff . 



(L) is by Lucas Theorem and (J) is by Lemma I4.3f b~). (f) is because $ M 

M (r o cr f ) m . Finally, (*) is because 9 = (l + To = 1 + (r o er f ) 

-I p 



E 

m£L(M) 

Thus, 9^ = £ 



rocr f 



p r h 



□ 



Proof of Theorem \4-l\ It suffices to verify the condition of Corollary 14.51 So, let 
Si := So + diam Then 

rank So = rank So ($ M o 9 H ) > rank Sl (& H ) . (6) 

1 ' (t) 

where (*) is by Lemma 14.81 and (f) is by Lemma l4.4f b). Thus, we want to show that 
ranksj (9 H ) > oo for H in a set of density 1. To do this, we'll use gaps in L (H). If 

ho, hi € L (Zf), we say that /iq and hi bracket a gap if: 

(i) h!>p-h and (ii) [ft .../ii) l~l L (H) = 0. 

Claim 1: Let ho, hi € L (i?), with p < ho < hi, and suppose ho and hi bracket a gap 

I f \P rh o / f \P rhl 
in L (H). Then iToaj and I F o a J are Si-separated. 

Proof. Suppose \ho — h±\ — w. Then (cr f ) P h ° and (c f ) P 1 . are (p r • w ■ |f |)-separated. 

/ \P r fco / f \ f,r ' il 
Thus, if D = diam [T], then iToa) and ( L o a J are VF-separated, where 

W := p r 7i;|f| - (diam [T^ ] + diam [F^' 11 ] ) = p^f] - (p r h D + P r hiD) 
> p r ■ (w\f | - D ■ (hi + h Q )) . (7) 
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p% 'p'h, p r h\ 'p'h 



P r UH) 
-p r w 



p r ti s 'p'h, p'h' *P r h s 



+-p r h 4 D- 




W>p r iw\\\ -(h 4 +h B )D] 

Figure 2. ClaimlTlof TheorcmETTl 



2 • max diam [r m ] = M ■ If I + 2M ■ D 

mGL(M) 



(8) 



2D 



(see Figure |2J- We want W > Si, or, equivalently, W — diam [$ M ] > So (because 
Si = S + diam [$ M ] ). First, note that 

diam < M • |f 

= M ■ (|f | + 2D) < p 7 - 1 • (|f | + 2D 

Thus, 

W - diam [$ M ] > p r ■ (w ■ |f | - £> • (hi + ho)) - p r ~ 
= p^ 1 • (pit; • |f I - pD ■ (hi + h ) - 

> So ■ (pw • |f | - pD ■ {hi + h ) - |1 

(t) v 

where (*) is by equations and ©, and (f) is because So < p r ~ 1 ■ 
Thus, it suffices to show that 

pw ■ |f| - pD ■ (hi + h ) - |f| - 2D > 1. 

To see this, observe that 

pw • |f | - p£> • (hi + h ) - |f | - 2D 

= (pw - 1) • |f | - \p • (hi + h ) - 2| • D > (pw - 1) • |f I - \p • (hi + h ) - 2 



- 2D 
2D 



AO 



■K p - 



> 
(t) 



(pw - 1 - [p ■ (hi + h ) - 2] K p ) • |f I > p ■ (hi - h ) - 1 - [p • (hi + h ) - 2] Jjf p 

V / (,) 

V ((1 - K p ) ■ /11 - (1 + Kp) ■ fto) - (1 + 2 ■ K p ) 

p • ((1 - K p ) ■ p - (1 + Kpj) • h - 2 > p 2 • ((1 - K p ) ■ P - (1 + K p )) - 2 



3 9 

> -p 2 - 2 > 3-2 

<*) 4 (0) 
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(b) is by hypothesis that T is bipartite. (*) is because |f| > 1, and w = hi — ho- 
(f) is because h\>p- h , and K p < \. (|) is because ho > p. 

(*) is because K p < = thus, (p + l)K p < p-| = p - 1 - §; thus, 

| < (p-l)-(p+l)^ P = (l-#- p )p-(l+*g. 
(o) is because p > 2, so p 2 > 4. 

It follows that W - diam [$ M ] > 5 , so that W > S x . O claim i 

Let rank[iJ] := # of gaps in L(if). Then Claim [T] implies that 

rank Sl (9 H ) > rank [if]. (9) 

Thus, we want to show that the number of gaps is large. 

Suppose i < k. We say that i and k bracket a zero-block in the p-ary expansion of H 
if H ( - 1 - 1 ') ^ ^ H( k \ but = 0, for all i < j < k. For example, suppose p = 2 and 
H = 19. Then 3 and 5 bracket a zero block in the binary expansion ...010011. 

Claim 2: If i and k bracket a zero-block in the p-ary expansion of H, then p 1 and pP 
bracket a gap in L (if). 

Proof. if W = 0, so the largest element in L (if) less than p l is 

i-1 i-1 

Now, k = min {j > i ; H^' 0}, so hi = p k is the smallest element in L (if) greater 
than p\ Also, hi > p l+1 > p ■ (p l — 1) > p • h . O claim 2 

Let #ZB (if) := #of zero-blocks in the p-ary expansion of if. 
Then Claim [5] implies that 

rank [if] > #ZB (H) . (10) 

Define H := {if 6 N ; #ZB (if ) > £ logoff)}- 
Claim 3: density (H) = 1. 

Proof. Observe that #ZB (if) is no less than the number of occurrences of the word "101" 
in the p-ary expansion of H (because 101 is a zero-block). Let 

H' := jif G N ; (# of occurrences of "101") > ^ logoff) j. 

Then H' c H. The Weak Law of Large Numbers implies density (H') = 1. O claim 3 

Define JJ := {N G J(5 ) ; AT = M N +p r «H N , where < ± log p (AT), and H N G H}. 
Claim 4: density (J) = 1. 
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Proof. J = Ji R JJ2 , where 

Ji := {N £ J(S ) ; N = M N + p rN H N , where H N £ H} 
and J 2 := jiV £ J(5 ) ; JV = M N +p rN H N , where r w < ^ log p (JV) J. 

Now, density (JJi) = 1 by Lemma ET7I and Claim|3J To see that density (J2) = 1, note that 

Jf(So) \ Ja C jiV £ N ; 7V« ^ for all r e (\og p (S ) . . X - log p (7V) |, 
which is a set of density zero. O claim 4 

If N = Mjv +p TN Hpj is an element of J, then 

logoff*) > log p (JV)-riv > logp^-ilog^iV) = ilog p (iV). (11) 



Thus, 



rank So (Q N ) > rank Sl (Q Hn ) > rank[ffjv] > #ZB{H N ) 

c<?) (❖) (*) 

1 , ,„ , 1 



> 



\og p (H N ) > —\ ogp (N). 



(*) P (*) 

Here, is by equation Jfjjl, (0) is by equation J^Jl, (£) is by equation ltTU|) . (4) is by 
equation I jlljl . and (*) is because H £ H by hypothesis. 



1 



Thus lim rank Sn > — =■ lim log„(JV) =00. □ 



5. Uniform Mixing and Dispersion Mixing 

A measure p £ AA(A Z ) is uniformly mixing if, for any e > 0, there is some M > such that, 
for any cylinder subsets £ C w 4(- 00 - °] and D\ C .4'° ■■■°°), and any m > M, 

mK(£) nm\ ~ n [£]•// [91] (12) 

(here, "as ~ y" means |x — y| < e.) 
Example 5.1: 

(a) Any mixing iV-step Markov chain is uniformly mixing. (See £jSJ). 

(b) If v £ M.(B Z ) is uniformly mixing, and W : £> z — >A Z is a block map, then p := 

is also uniformly mixing. (If \I> has local map ip '■ B^ e '" r ' — >A, then replace the M 
in O with M + £ + r + 1). 

(c) Hence, if £ C 2? z is an SFT, and 6 := ^(3) C .4 Z a sofic shift, and v £ Mffl is any 
mixing iV-step Markov chain, then p := $(f) is a uniformly mixing measure on 6. 
We call /i a quasi-Markov measure. 

We say that p is harmonically bounded (HB) if there is some C < 1 such that < C 

for all x £ -4 Z except x = 1. The goal of this section is to prove: 
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Theorem 5.2. Let A be a finite abelian group. If p G A4(A Z ) is uniformly mixing and 
harmonically bounded, then p is dispersion mixing. □ 

We will then apply Theorem 15. 21 to get: 

Corollary 5.3. Let A = T*/ p , where p is prime. If p G M{A Ij ) is a mixing quasi-Markov 
measure, then p is asymptotically randomized by any dispersive LCA. □ 

Harmonic boundedness and entropy: 

Lemma 5.4. Let A = (Z/ p ) s , where p is prime and s G N. If p G M(A Z ) and 
h(p,o~) > (s — 1) • log 2 (p), then p is harmonically bounded. 

Proof. Suppose p was not HB. Then for any a > 0, we can find 1 =/= x € with 
KXjM)! > 1 — or. Let X := image (x) C T 1 , and let v := x(f-) € be the projected 

measure on X. Thus, (%, /i) = i • ^{i}. The following four claims are easy to check. 

iei 

Claim 1: For any (3 > 0, there exists a > such that, for any probability measure 



v e M(X) with 



^i ■ v{i} 



> 1 — a, there is some io G X with v{i$\ > 1 — (3. O 



Suppose x = 0», where K C [0...K] and K G K. Thus, if £ := (g) Xfc, 

then x = £ ® • For any b G A^°'" K \ let /ij^ be the conditional measure on the Kih 
coordinate, and let := \k (t^Kj e M.(X) be the projected measure on X. 

Claim 2: For any 7 > 0, there exists (3 > such that, if 3 io G X with v{i$} > 1 — (3, 
then there is a subset 03 C A^° ' K ^ with p[*B] > 1 — 7, such that, for every b G 05, there is 
some ib el with {ib} > 1 — 7- Thus, ifVb = Xiciib} C .4, then Mk [^b] > 1 — 7- 
(Observe that # (V h ) < p"' 1 for all b G A [0 - K) .) O 

For any measure p G A4(A), define ff(p) := — ^ p{a}log 2 [p{a\^j. Recall (e.g. 

aeA 

|Pet8 9 Proposition 5.2.12]) that the cr-entropy of p can be computed: 

h(p,a) = Ihn^ J2 ^M-H^n) ( 13 ) 

Claim 3: For any 8 > 0, there exists 71 > such that, for any probability measure 
p on A, if there is a subset V C A with # (P) < p 8 ^ 1 and p[P] > 1 — 71, then 
H(p) < (s - 1) • log 2 (p) +5. O 

Claim 4: For any e > 0, and S > 0, there exist <5, 72 > such that, for any if G N and 
probability measure p on A^°'" K \ if there is a subset 03 C with /i[03] > 1 — 72, 

such that, for all b G 03, H < S - S, then ^ p [b] • H (p%A < S - e. O 

Now, set 5 := (s — 1) • log 2 (p). For any e > 0, find S, 72 > as in Claim 0] Then 
find 71 > as in Claim|3| and let 7 := min{7i,7 2 }. Next, find (3 as in Claim[2]and then 
find a as in Claim ^ Finally, find x € -4 Z with |(x>M)l > 1 — «• It then follows from 
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Claims EH that fj, [b] • H (jffl) < (s - 1) Tog 2 (p) - e. But the limit in ||IHJ| is a 

decreasing limit, so we conclude that h((i, a) < (s — 1) ■ log 2 (p) — e. Since this is true for 
any e > 0, we conclude that h(fi, a) < (s — 1) • log 2 (p), contradicting our hypothesis. □ 



Corollary 5.5. If A — Z/ p (where p is prime), and a) > 0, f/ien /i is harmonically 
bounded. □ 

Say /j, is uniformly multiply mixing if, for any e > 0, there is some S > such that, 
for any R > 0, if Ko,Ki, . . . , C M are finite, mutually S-separated subsets of M, and 
Ho C A K< >,. . .,itfi C ^1 Kr are cylinder sets, then: 

/ R \ 

\r=0 / r=0 

Lemma 5.6. If \i £ Ai(A 1 ') is uniformly mixing, then /i is uniformly multiply mixing. 

Proof, (by induction on R). The case i? = 1 is just uniform mixing. Suppose (|14f> is true 
for all R' < R. Find S > so that, if Kq, . . . , K# are mutually S'-separated, then 



P)lU = /X il n f|it r ~ M(iifl)-M (S^lTe M (^o)'IJ M (^r) 



(-R-l)e 

r=l 



where " ~ " comes by setting R' = 1 , and " f^TTC " comes by setting R' = R — 1 . □ 



Lemma 5.7. Suppose /i £ A4(A Z ) is uniformly multiply mixing. For any e > and 

R 6 N, £/iere is some S > swc/i £/ia£: i/ Ko,...,Kr C Z are S-separated sets, 

R 

and, for all r G [0...i?], Xr ■ A Kr >C are characters, and x = Y\. ~X- r > then 

r=0 

R 
r=0 

Proof of Theore.m A5.SA Let e > 0. We want to find S > and i? > such that, if x is an y 
character, and ranks (x) > then < e. 

Let C < 1 be the harmonic bound. Find i? € N such that < e/2. Let 5 > be as 

fl 

in Lemma I57FI Suppose ranks (x) > -R, and let x := (^)x r , where x r : A Kr — >C are 

r=0 

characters, and Krj, . . . , K.r C Z are S'-separated. Then Lemma 15 . 71 implies : 

R 

<*> M> ^ II<Xr, M>. (15) 



r=0 



By harmonic boundedness, we know |(Xr> M)l < C f° r au r € [0...i?]. Thus, (|15(l implies: 

Kx, m)I ^ ni^-^l < Ii c = ° R+1 < ° R < £ / 2 - D 

r=0 r=0 



Prepared using etds.cls 



16 



M. Pivato and R. Yassawi 



Proof of Corollarv \5.!-\ From examples 15. If a^) and 15 . If b). we know /x is uniformly mixing. 
Any mixing quasi-Markov measure has nonzero entropy, so Corollary 15.51 says that fi is 
harmonically bounded. Theorem 15.21 savs /i is dispersion mixing. Theorem 13.11 savs ji is 
asymptotically randomized by any dispersive CA. □ 



6. Markov Words 

If m,n G Z, and m < n, let J^. m — n ) be the set of all words of the form a = 
[a m , o*m+i> . . . , a n -i]. Let A* := ^t'™ 1 ' "™- 1 be the set of all finite words. Elements 

— oo<m<n<oo 

of A* are denoted by boldfaced letters (e.g. a, b, c), and subsets by gothic letters (e.g. 21, 
2J, £). Concatenation of words is indicated by juxtaposition. Thus, if a = [ao . . . a„] and 
b = [bo . . . b m ], then ab = [a . . . a n b . . . b m ]. 

If V > and v G A [ - v - v \ we say that v is a Markov word for /i if (in the terminology 
of JQ|, v isolates (— oo... — V) from [V...00). 

Example 6.1: 

(a) If fi is an TV-step Markov shift, and N < 2V, then every v e A^ V '" V ^ is a Markov 
word. 

(b) Let $ C B z be a subshift of finite type, let ^ : $ — >A Z be a block map, so that 
S :— 'I' (30 is a sofic shift. Let v be a Markov measure on $ and let fj, := If 
s G S[_y ...v] is a synchronizing word for then s is a Markov word for /1. ^> 

Proposition 6.2. If fi G A4(A z ) is mixing and has a Markov word, then \i is uniformly 
mixing. 

Proof. Fix e > 0. For any words a, b E A*, the mixing of \i implies that there is some 
M e (a, b) < 00 such that, for all m > M e (a, b), [i (a m [a] n [b]) ~ (i [a] • /x [b]. Our goal 
is to find some M > such that M e (a, b) < M for all a, b e A* . 

Let v G ^4* be a Markov word for /x. 

Claim 1: Let u, w, u',w' G A*, and consider the words uvw and u'vw'. We have: 
M e (uvw, u'vw') = M e (vw, u'v). 

Proof. Define transition probabilities: /x(u «■-- v) := //(uv)//i(v) and /i(v --■» w) := 
/j(vw)//i(v). If m > A/ c (vw, u'v), then 

/i(cr m [uvw] n [u'vw'] ) = ^(u<--v)-^(^cr m [vw]n[u'v]^) -/x(v— +w') (16) 

~ fi(u v) • fi [vw] ■ jLt [u'v] • /i(v — » w') (17) 
= u [uvw] • n [u'vw'] . (18) 

(|16() and (|18|l are because v is a Markov word; l|17|) i s because to > M e (vw, u'v). 

O Claim 1 
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If a £ A*, we say that v occurs in a if a| r , = v for some n. 

' J \[n-V...n+V) 

Claim 2: There is some N > such that /z{a £ _4.[°— ^ j v occurs in a} > 1 — e 

/ jv \ 

Proof. By ergodicity, find iV such that /i I tr™ [v] ) > 1 — e. 

Vn=0 / 



O Claim 2 



Let .4* be the set of words (of length at least N) in A* with v occuring in the last (N + V) 
coordinates, and let V A* be the set of all words in A* with v occuring in the first (N + V) 
coordinates. Then Claim [21 implies that: 

H(AI) > 1-e and n( v A*) > 1 - e. (19) 

N 

LetA <N := IJ^ -"]. Then 

71 = 1 

A% = {uvw ; u £ A* and w £ A <N ). , . 

and = juW'ju'e^and w'ei*}, ^ ' 

Define Mi := max max M c (a, b) = max max M E (uvw, u'vw') 

™eA <N WeA* 

= max M f (vw, u'v) . 

where (*) is by equation (|2U|I and (f) is by Claim 2] Likewise, define 

M2 := max max M e (a, b) = max max Af £ (vw, b), 

aeAl h£A< N vreA< N bG-4< N 

Ma := max max M £ (a, b) = max max Af c (a, u'v), 

a£A< N he v A' ag^<» u'£A< N 

and M4 := max max M e (a, b). 

a£A< N b£A< N 

Thus, Mi, . . . , Mi each maximizes a finite collection of finite values, so each is finite. Thus, 
M := max{Mi, . . . , M 4 } is finite. 

Claim 3: For any a, b £ A*, M e (a, b) < M. 

Proof. If a £ A <N U ^ and b £ A <N U V A* , then M e (a, b) < M by definition. 

So, suppose a ^ _4 <Ar U .4* . Then equation 119|) implies that fi[a\ < e. Hence, for 
any m £ N, ^(cr m [a] n b) < e and ■ n[b] < e. Thus, n(cr m [a\ n b) ~ /x[a] • ^[b] 
automatically. Hence, M e (a, b) = < M. 

Likewise, if b £ ^ <7V U v „4*, then M e (a, b) = < M. O claim 3 

Thus, /! is uniformly mixing. □ 



COROLLARY 6.3. If n is harmonically bounded, mixing and has a Markov word, then u. is 
asymptotically randomized by $ = 1 + a . 

Proof. Combine Proposition 16 . 21 with Theorems 13.11 and 15.21 □ 



Prepared using etds.cls 



18 



M. Pivato and R. Yassawi 



7. Lucas Mixing 

Throughout this section, let D := 1, so that M = Z. Let A := where p G N is 

prime, and s G N. Let $ := 1 +<r. We will introduce a condition on \x which is weaker than 
dispersion mixing, and which is both sufficient and necessary for asymptotic randomization. 
Let x <= an d suppose x = (g)Xk- We define |[x| := max(K) — min(K), and define 

keK 

((%)) := P r , where r := log p \[x}\ 
It follows from Lucas' Theorem that = 1 + er«x» . Thus, for any heN 

r«*»^, and thus, x°® h ' {{x)) = 



$M<x» = J2 

eeh(h) 



h 



eeh(h) 



xotT <W>-t. 



Observe that K+p r £ and K+p r t are disjoint for any f^l'eL (h). Hence, if L := # (L (/i)), 
then % o $M(x» j s a product of L 'disjoint translates' of X- 

If /z is a measure on A z , we say that p is Lucas mixing if, for any nontrivial character x G 
,A Z , there is a subset H C N of Cesaro density one such that lim (xo$ h '" x '', u) = 0. 

13/nco \ / 

Our goal in this section is to prove: 

Theorem 7.1. = 1 + a asymptotically randomizes [ij ^/i is Lucas mixingj . □ 

It is relatively easy to see that: 

Lemma 7.2. If fi is dispersion-mixing, then /i is Lucas mixing. □ 

Thus, the " < ^=" direction of Theorem 17.11 is an extension of Theorem 13.11 in the case 
$ = 1 + (7. The "=*>" direction makes this the strongest possible extension for this LCA. 

Set S :— \[x]\, and let J := JJ(S'), where J(5) is defined as in jjj] It follows from Lemma 
IP that density Uj = 1. For any m G N, let x m ■= X ° ® m - 

Lemma 7.3. Let j G J, luii/i j = m + p r ■ h. Then x ° & = X m ° '^ x "^\ w/iere 
h' ~ p s ■ h for some s > 0. 

Proo/. Apply Lemma Ol to observe that <I> J = $ m o $> l -(P r ). Thus, 

X o$ J = X o $ m o $ h -(P r ) = x m o^ h <P r \ 
By definition, r is such that m < p r ~ 1 and < p r ~ 1 . Thus, 

[XT = IWI+m < p^+p'- 1 < p r . 

Now, let s := r - log p [x m ]\ , and let h! := p s ■ h. Then h ■ (p r ) = h' ■ ((x m )>, so that 

$h-(p r ) _ <j)/i'-«x m )) _ □ 



Proof of Theorem \7.1\ We will use Lemma \'3. 21 

For any m G N, let r(m) := log p |max |m, | 

J m := {m + p r Wfc;AeN} 



1, and define 



(21) 
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It follows that: 



mGN 



(22) 



If j = m + p r ( m )/t is an element of J m , then Lemma 17.31 savs v o $ J = x m o $ h )), 
for some h! > h. Now, is Lucas mixing, so find a subset H m C N of density one with 
lim / x m o$' l «* m », fj) = 0. Define: 



(x m o<i> h -«* m », m) 



/i G H m ; 

J m := {m + p r H|/i6l m } 
and J := [J Jm- 



< 



1 



(23) 
(24) 



Claim 1: density (J) = 1. 



Proof. For any rn E N, there is some -KT such that H m = H m n [K...00). Thus, 
rel density H m /H m = 1. Thus, density (H m ) = density (h,„^ = 1. Compare (J2TJ 

and (|23|) to see that rel density J m /J m = 1. Then compare (|22|) and l|24|) to see that 

rel density J/J = 1. Thus, density (J) = density =1. O claim 1 

Claim 2: lim (x°&, m) = 0. 

Proof. Fix e > 0. Let M be large enough that i < e. For all m G N with m < M, 
find ff m such that, if h G H m and h > H m , then | (x m o $M<x m » ( ^| < e . Let 
J m := m + 2 r ( m ) • H m . Thus, if j = m + 2 r ( m ) • h is an element of J TO , and j > J m , 
then we must have h > H m , so that |(% o ^)| = |(x m o $'«'((x m » ) < e . 

Now let J := max J m . Thus, for all j G J, if j > J, then cither j G J m for 

l<m<M 

some m < M, in which case | (x ^ 3 \ A*) < e by construction of J, or j G J m for some 
m > M, in which case 

<*) m iw (t) 

Here, (*) follows by definition of H m , and (f ) follows by definition of M. O claim 2 

Lemma 13. 21 and Claims 1 and 2 imply that $ asymptotically randomizes /i. 

Suppose fj, was not weakly harmonically mixing. Thus, there is some x € -4 Z 

> 0. 



and some subset H C N of density S > such that lim sup (x° & h '" x " , /i\ 

But X o$' l fa» = x°^ pT ' h (where r = log p |[x]|). Hence, if J := p r ■ H, then 
density (J) = p~ r ■ S > 0, and lim sup | (x ° ^ , /i) | = hmsup /^o$ k 'W i ^ 



J9 j— >oo 



But then Lemma y . 21 implies that $ cannot randomize /x. 



> 0. 

□ 
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8. Randomization of Zero-Entropy Measures 

Of the probability measures which are asymptotically randomized by LCA, every known 
example has positive entropy. However, we'll show that positive entropy is not necessary, 
by constructing a class of zero-entropy measures which are Lucas mixing, and thus (by 
Theorem 17. l|l randomized by $ = 1 + a. 

For both efficiency and lucidity, we will employ probabilistic language. Let (f2, B, p) be 
an abstract probability space (called the sample space). If (X, A") is any measurable space, 
then an (X-valued) random variable is a measurable function / : — >X. In particular, a 
random sequence is a measurable function a : — >A Z . By convention, we suppress the 
argument of random variables. Thus, if a, b, c are random sequences, then the equation 
"a + b = c" means "a(w) + h(u>) = c(u>), for p-almost all u) E Q." 

If / : ft — >X is a random variable, and U C X, then "Prob [/ G U]" denotes p [/ -1 (U)] . 
If g : f2 — >Y is another random variable, then / and g are independent if, for any measurable 
U C X and V C Y, Prob [/ G U and g G V] = Prob [/ G U] • Prob [g G V] —i.e. 
p [/ _1 (U) n ff _1 (V)] = p [/ _1 (U)] • P [.9 _1 ( v )] ■ The distribution of / is the probability 
measure p := f(p) on (X, X); we then say that / is a p-random variable. Thus, every random 
variable determines a probability measure on its range. However, given a measure p, we can 
construct infinitely many independent /i-random variables. 

Let A := Z/2 and p G A4(A ), and consider a /i-random sequence a G A z . We say p 
has independent random dyadic increments (IRDI) if, for any n G N, and all m G [1...2™], 
a?n+2" = flm + <^toi where d™,...,^* are independent ,4-valued random variables. If 
d™, . . . , g?2™ have distributions <5™, . . . , t^n, then p has /ower decay rate a G (0, 1) if there 
is some L > such that, for all n> L, and all m G [1...2™], a n < 5™ n {l}. 

PROPOSITION 8.1. If p has IRDI with lower decay rate a > , then p is Lucas Mixing. 

Proof. Let x G A 1 be a nontrivial character. We seek Be ff with density (H) = 1, such 
that lim /yo p) = 0. 

If n € N, let / = I(n) := |~log 2 (n)~|, and suppose n has binary expansion {n^'}j— - Let 
I(n) := {j € [0.../] ; = l}. Let e > be small, and define: 

Then density (H) = 1. Suppose n € I is large; let I := I(n) and I := I(n). Assume I is 
large (in particular, I > L). 

Now, a > -j=, so find (3 such that — < (3 < \pl. Define 

M := #(I)-1 > \l-e-l > log 2 (/3)7, (25) 

where (*) is because log 2 (/3) < \ and / is large, while e is small. 

Suppose I = {ii < 12 < ■ ■ ■ < iu+i = I}- Let £o := Xi an d for each m G [0...M], define 
£m+i:=€m® (^m°<7 L 0: where := 2^ • Thus, *o = £ M+1 . 

Let r := rank[x]- Then for all m G [1...M + 1], rank[£ m ] = 2 m ■ r. In particular, 
define 

R := rank[£ A/ ] = 2 M ■ r > /3 7 • r. (26) 

(*) 
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where (*) is by equation (|25|) . Thus, £m = where X C Z is a subset with 

x£X 

(X) = R. Thus, if a E A z is a /i-random sequence, then 

£M+i(a) = ^M(a) • (%m ° o 2 ' (n)j = ]J d(a x ) • £ x (a x+2 r) 

= Y[Cx(a x + a x+2l ) = ]l & (4), (27) 

iex sex 

where {e^j^gx are independent random dyadic increments. If d x has distribution S x , then 



% [& (4) 



^{0}-^{l} = 1-2^{1} < 1-2-a 7 



C, 2a 
Here, (*) is because // has lower decay rate a, so S X {1} > a 1 (assuming I > L) 



Thus, ( M , X o$" 



(*) 



n k) 



n % & (4)] 



< 



.rfcX 



2a" 7 - 1 



2a 



-J 



Here, (}) is by equation l(2T|) . (*) is because {d x } xe x are independent, and (f) is by 
equation i|28|) and because # (X) = R. 



Thus, log 



log (2a^ - 1) - log(2or J ) < - R ■ log' (2a- 1 



-R -fir r , osl 



2a~ 7 (t) 2a- 7 2 
Here, (*) is because log is a decreasing function, and (f) is by equation l)26[l. 

But/3 > i, soa/3 > 1. Thus, lim log //x, x°$ M<x>> \ = lim (a/3/ = -oo 
Hence lim (a, v-o$ h '^»\ =0. □ 



Suppose /i € A4(A 1 ') has independent random dyadic increments; for any b£N, and all 
to E [1...2"], let <5™, . . . , S% n be the dyadic increment distributions, as before. Then p has 
upper decay rate a E (0, 1) if there are constants L\,K > such that, for all n > L\, and 
all m E [1...2"], (5™{1} < if-a n . 

Proposition 8.2. If p has IRDI with upper decay rate a < 1, then h(p) = 0. 

Proof. Let L\,K > be as above. Assume without loss of generality that K > 4. Let 
-log 2 (iT)-l 

Let L := max{Li,L2}. 



L 2 



log 2 (a) 

For any n E N, and to S [1...2™], let 5^ be as above. The entropy of 5^ is defined: 



C{o}io g2 (C{o» - Oi}i°g 2 (Oi}) 



(29) 



Claim 1: There exists c\ > such that, if ?i > L and to 6 [1...2 n ], then 

J?(C) < cm -a". 
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Proof, a < 1, so log 2 (a) < 0; Thus, if n > L 2 , then nlog 2 (a) < L 2 log 2 (a). Thus, 

log 2 (Ka n ) = \og 2 {K) + nlog 2 (a) < log 2 (K) + L 2 log 2 (a) 

= \og 2 {K)-\og 2 (K)-l = -1. (30) 

Thus, <5",{1} < Ka n < ^, where (*) is because n > Li and (f) is by equation (|3U|) . 

(*) (t) 

But, if <5„{1} < \ in equation then i?(<5™ ) decreases as decreases. Hence, 

H(SZ) < -Ka n \og 2 (Ka n ) - (1 - Ka n ) log 2 (1 - Ka n ) 

< Ka n (nA-k) + (I - K a n ) ■ 2KoP = K (nA + 2 - k - 2Ka n ) ■ a" 

(t) 

< KnA ■ a™ < c x n ■ a™. 

(t) (o) 

Here, (*) is the substitution k :— \og 2 (K) and A :— — log 2 (a); (f) is because, if e is 
small, then log(l — e) ~ — e, thus, — log(l — e) < 2e; (J) is because 2 — k — 2Ka n < 
because k > 2 because we assume K > 4; (o) is where C\ := KA > 0. O claim 1 

Let a £ A z be a /^-random sequence, and fix n > L. To compute the conditional entropy 
H ( a |(2" 2»+i] ' a |[i 2™])' reca11 tliat ' for a11 171 G t 1 - 2 "]' "2"+™ = a m + dl l n . Thus, 



i? a 



|(2"...2«+ 1 ] 



< 2™ • Cl na n = Cl n ■ (2a)™. 



(31) 



where (*) is because d",d 2 , . . . , d 2 „ are independent random variables with distributions 
<5", . . . , S 2n , and (f ) is by Claim 1. Thus, for any N > L, 



N-l 



Ha 



|[1...2«] 



|(2»...2»+ 1 ] 
N-L-l 



N-l 

< V cm • (2a) ? 



< ciiV-(2a) L ^ (2a)™ = c x iV • (2c 



(2a) 



N-L 



ri=0 



2a - 1 



< c 2 N-{2a) N , 
where (*) is by equation 1|31JI . and where c 2 



ci 



2a- 1 



> is another constant. 



Thus, if # := #1 a 

V I [l-.-2«] 



1...2 £ 

= h(sl\, 



, then 



1...2«] 



|[1...2^] 



where (*) is by equation (|32|l . Thus, 



1 



/i(u) = lim — H (a| r 

M^oo M V Ifl 



.M] 



lim — rr _ff al , 

N^oo 2 N V \[1-2 N ] 



c 2 N ■ (2a) N + H 



< lim — — ^ < c 2 lim Na N = 0, 



JV- 



N- 



where (*) is by equation (|3*3"jl . and (f ) is because |a| < 1. 



(32) 



+ H < c 2 N ■ (2a) N + Ho, (33) 



□ 
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Figure 3. The construction of random sequence a°°; the approximation of a as a random translate of a°°. 

It remains to actually construct a measure with IRDI. Let < a < 1. For any nel, let 
p n be the probability distribution on A — 2y 2 such that 

Pn {l} = a n and Pn {0} = 1 - a n . (34) 

For each n £ N, we will construct a random sequence a™ £ A z as follows. First, define 
a := [. . . 0000 . . .]. Now, suppose, inductively, that we have a™. Let r$ , r™, . . . , r^_i be 
a set of 2™ independent ^4-valued, p„-random variables. Let r™ £ A z be the random, 
2"+ 1 -periodic sequence 

zcroth coordinate 

r" := [. . . , p, 0,„ . , 0, rff, r?, ■ ■ ■ , r^_ lt 0, 0, „ ■ , 0, rg, rf , ■ ■ ■ , r?»_ X) . . .], 

2" 2" 

and inductively define a" +1 := a" + r™. 

1 2 " 

Let /i„ £ A4(A Z ) be the distribution of a n , and let \x n := — > cr l (fj, n ) be the stationary 

2 n ^ — ' 

i=l 

average of /i„. Finally, let /i := wk*— lim /i„. 

n — >oo 

oo 

Let /Lioo be the probability distribution of the random sequence a°° := r" (see FigEJl. 

n=i 

Then = wk*— lim and loosely speaking, \i is the 'c-ergodic average' of \i<x>. Thus, 

n — >oo 

if a is a /i-random sequence, we can think of a as obtained by shifting a°° by a random 
amount. The next lemma describes the structure of a°°: 



Lemma 8.3. Let M £ N have binary expansion M = V^m n 2 n . For all n > 0, Zei 

n=0 

n— 1 oo 

M n := ^ mj2\ Then afj = ^m„- rjf n . □ 

i=0 n=0 

For example, suppose M := 13 = 1 + 4 + 8; then too = m-2 = = 1 and mi = 0. Hence, 
M = 0, Mi = M 2 = 1, and M 3 = 5. Thus, = rg + r\ + r| (see FigureEJ). 

Think of a°° as being generated by a process of 'duplication with error'. Let w° := [0] 
be a word of length 1. Suppose, inductively, that we have w™ = [u>iu>2 . . . u>2 ra — l]- 
Let w™ := [W1W2 . . ■ -x] be an 'imperfect copy' of w": for each m £ [0...2"), 
+ r^, where rp , r" . . . , ?im-i are the independent p n -distributed variables from 
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before, which act as 'copying errors'. Let w n+1 := w"w". Then a°° is the limit of w n as 
n—too. 

Proposition 8.4. /i has IRDI, with upper and lower decay rate a. 

Proof. Let a E A z be a /U-random sequence, and fix N G N. By construction, there is some 
k G Z such that a looks like a k (a°°) in a neighbourhood around 0. To be precise, 

For all me [0...2 N+1 ), a m = af +ni . (35) 

For example, in Figure 03 let N = 2, so that 2^ = 4; suppose k — 6. Thus, 
[oo,ai,...,o 7 ] = [af,af,...,a^]. Thus, a% = a 4 -a = a^-ag° = r|-r| = r|+r|. 
More generally: 

Claim 1: Let m G [O..^). 

(a) There is a set := {(n ,m ), (ni,mi), . . . , (nj,mj)} (for some J > 0), where 
N = n < n i < ••• < nj, and where mj € [0...2 rlj ) for V j £ [0...J], such that 

fjN _ r no I r rii I I nj 

m ma ~ m\ ' ' ' ' ' mj ' 

(b) Ifm' G [O..^), and ml f m, then S{m') n S(m) = 0. 

oo oo 

Proof. Let M := k + m and let M := fc + m + 2 N . If M = ^ m n 2 n and M = ^ m n 2™, 
then Lemma r8.3l savs that 

OO oo 

«Af = X] m "' r Mn5 aild a fl = Z!^"'^- ( 36 ) 

n=0 n=0 

Let iVi > A*" be the smallest element of [JV...00) such that = 0. Hence, m n — 1 for 
all n £ [N...N1), and mjvj = 0. Note that M — M + 2 N , so binary expansions of M and 
M are related as follows: 

(A) m n = rh n for all n G [0...N). 

(B) Thus, M n = M n for all n G [0..JV]. 

(C) If m^r = then = 1. If 777j\r = 1 then uin = 0. 

(D) ?77„ = for all 77 G [JV...JV1) (possibly an empty set), and mjvj = 1. 

(E) m„ = 777„ for all n> N±. 
Thus, 



OO OO OO 1 00 / j o\ 

00 CO 

E(™™- r rf„+ m «' r M n ) ^ E ( 7 



m n - r~ + 777„ • r M 



A/, 

n—N 



Ni-1 



m n -t E ™»^ n + + E ( 37 ) 

s -v~ / n=AT+l V ^ v ^ v^—i- n=ATi + l /7 

(be) (d) (e) 

Here, (*) is by equation (f) is by equation (ab) is by (A) and (B); (be) 

is by (B) and (C); (d) is by (D), and (e) is by (E). 
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Now, to see (a), let 

S(m) := |(?i, m) ; r™ n appears with nonzero coefficient in expression <|37[l |. 

In particular, appears in l|37() . so (no, mo) := (N,Mn); thus, no = N. 
To see (b), suppose m < m'; hence m! = rn + i for some i € [l...2 w ). 

OO OO 

Let M' := M + i and M' := M + %. Suppose M' = ^ m n 2 " and M' = ^ TO « 2 "- 

n=0 n=0 

Define M' n , M' n , and N[ analogously. Then, an argument identical to equation (|37|) 
yields: 

N[-l oo 
n=W+l N i n=W{+l 

Now, for all n G [TV.. .00), M' n = M n + i and M' n = M n + i (because i < 2 N ); thus, 

r M' n = r M„+* £ { r M„' r i/„J' and r ^ = r ^/„ +i ^ 't r M„' r rf„J'- TllUS ' eVery summand 01 

equation (|3*5|) is distinct from every summand of equation so 5(m') n 5(m) = 0. 

O Claim 1 

To see that the random variables d^, ■ ■ ■ > d^N _ 1 are jointly independent, use Claim 1(a): 

rfJV . ^ »n J« _ r n jN \^ n 

°0 — 2-*/ m ' 1 ~~ 2-^i m: a 2 N -l — 2-~i m 

(n,m)eS(0) (n,m)eS(l) (n,m)6S(2"-l) 

The random variables {rj^ ; n 6 N, m € [1...2 1 } are independent, and Claim 1(b) says 
5(0), 5(1) . . . , S(2 N — 1) are pairwise disjoint; thus d$ , . . . , d^ N _ 1 are jointly independent. 

Lower Decay Rate: \a\ < 1, so if N is sufficiently large (e.g. N > L := — l/log 2 (a)), 
then a N < |. Suppose <2^ = r"° o + rJJ* + . . . + r££ , as in Claim[T]a). For all j e [0... J], 



let := Prob ^2 r ™» = ^ ' Thus ' 



- ^0 = Pn{0} ■ Pi + Ml} • (1 - Pi) = (1 - a") • Pi + a N ■ (1 - Pi) 

= / + (l-2a*)-Pi > a N 

(*) 

(f) is because Claim^a) says no = N. (*) is because 1 — 2a N > 0, because a w < h. 

Upper Decay Rate: Let K := y^— . We claim that, for any N and m, <5„{1} < 
Ka N . 

As before, let Pj := Prob r m i = l) • F°r any j e [I. ..J), we have 

P/ = (l-a n *)>P J+1 +a n >-(l-P j+1 ) = P j+ i + (l-2P j+1 )a n * < P j+1 + a n * , 

(39) 

and Pj — a n j . Hence, 

ffll} = Po < a no +a ni +... + a nj < V a 1 = = Ka n ° = Ka N . 

(.1 1 — a (t) 

i=no 

Here, (*) is obtained by applying equation (|39|l inductively, and (f) is because no = N. 
□ 
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Thus, if -7= < a < 1, then /1 satisfies the conditions of Propositions 18 . II and 18 . 21 so /i is 
a zero-entropy, Lucas mixing measure. Hence, 1 + a asymptotically randomizes 
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